Generalized almost periodic solutions and ergodic properties of quasi-autonomous dissipative systems  by Haraux, Alain
JOURNAL OF DIFFERENTIAL EQUATIONS 48, 269-279 (1983) 
Generalized Almost Periodic Solutions and 
Ergodic Properties of Quasi-Autonomous 
Dissipative Systems 
ALAIN HARAUX 
UniversitP P. et hf. Curie, Laboratoire d’Analyse Num&ique (LA 189), 
tour 55165 - 5Sme &age, 4, Place Jussieu, 75230 Paris Cedex 05, France 
Received October 9, 1981 
Let H be a real Hilbert space, A a maximal monotone operator in H and f: 
IR + H a measurable function which is S’almost periodic. Assuming that the 
positive trajectories of the equation du/dt + Au(t) 3f (t) are bounded (in H) for 
t > 0, we construct a kind of generalized almost periodic “solution” of the equation, 
and we show how to deduce information of ergodic type on the asymptotic 
behavior of the trajectories as t -+ +co. 
INTRODUCTION 
Let H be a real Hilbert space, and f: R + H be a measurable function 
which is S’-almost periodic. Let A be a maximal monotone graph and E > 0: 
it is well-known (cf. [6, 171) that the evolution equation 
2 + Au, + EU, 3&t-(t) 
has a unique weak solution which remains bounded when t E ]-co, +co [. 
This solution is actually uniformly continuous and almost periodic in the 
usual sense. 
When E = 0, the existence of a bounded solution on R can fail because of 
the resonance phenomenon. It is known (cf. [ 12, 151) that the existence of a 
solution with a precompact range for t > 0 implies that of an almost periodic 
solution. In practice, obtaining a precompact positive trajectory, easily 
reduced to standard techniques in the case of parabolic equations, does not 
follow from simple a priori estimates in the case of hyperbolic equations (cf. 
[V. 
Since boundedness properties are usually easier to check, it is natural to 
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ask about what kind of results can be derived from the existence of a 
bounded positive trajectory for the equation 
g + Au(t) 3f(t). (1) 
In the first part of this work, we construct a generalized almost periodic 
“solution” of (1). In the second part, we deduce from the existence of such a 
solution some ergodic type results on the behavior of the general solutions of 
(1) as t -+ +co. Eventually, in the third part of the paper, these results are 
applied to the dissipative wave equation 
in a bounded domain 0, in some cases where the existence of a classical 
almost periodic solution still remains unknown in general. 
1. GENERALIZED ALMOST PERIODIC SOLUTIONS 
In this section, we shall denote by X the space of Bochner almost periodic 
functions R + H, by Y the space of S2-almost periodic functions R + H, by 
ti the complex extension of H, and by .Z= Z*(lR, fi). An element of SF is a 
family (x,>, E R of points of Ei such that CaeRIx,/’ < +co. The Bohr 
transform 
is a continuous injective linear map: Y -+R, which allows us to consider Y 
as a linear subspace of 2. Denoting 9 = {x E R, Va E R, 2a =x-,}, we 
have the following inclusions 
The norm of 2 will be denoted by 11 1. It is well-known that for any SE Y 
In the sequel of this paper, we will assume: 
There exists a solution u(t) of (1) which is bounded for t > 0. (3) 
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Condition (3) will be referred to as the “nonresonance condition” onf(t), or 
we will say that Eq. (1) is nonresonant. 
PROPOSITION 0. If (1) is nonresonant, the bounded solution u, of (0,) 
remains untformly bounded as E -+ 0. 
Proof Let u(t) be a bounded solution of (1) on R + with 
Sup,>, 1 u(t)/ = A4. Then, Vt > 0 
1 u,(t) - u(t)] < epEf I u(O) - u,(O)1 + E I,’ ewes I u(t - s)l ds. (4) 








Comparing (4) and (5) and letting t-, co, we find 
Since U, E X, - Sup, I uXt)] = lim,,, luXt)l. This finishes the proof of 
Proposition 0. 1 
The main result of this paper is the following. 
THEOREM 1. Let f E Y satisfy the nonresonance condition. Then the 
sequence u, converges in 9 to some _u as .s + 0. 
For every [v, g] E X x Y with v a (weak) solution of dv/dt + Au(t) 3 f(t), 
we have 
(df-g,_u-v))>O. (6) 
If, in addition, _u E Y, then there exists rp E X, a weak solution of (1) 011 R, 
such that p(t) = u(t) for a.e. t E R. 
Finally, tff is T-periodic, _u coincides with the periodic solution of least 
mean energy. 
Proof of Theorem 1. For every E > 0, we have 
II u,ll < SEP I w G c* 
It is also clear that for [v, g] like in the statement of Theorem 1, we have 
((f-EU,-g~U,-v))=f~~~~?f-eu,-g,u,-v)dB>O~ 
0 
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Thus if for some sequence E, + 0, we have uCn - u* in R, then we obtain 
On the other hand, replacing v by u, and g by f - EU, in (7), we get 
((&UC, u* - u,)) > 8 * V’E >0, IIu*Il 2 lb4 
Let us introduce the convex closed subset Q of u* E 9 such that (7) hold 
for every pair [u, g] as above. We have dist(O, @) > lim,,, sup ]] u,]]. But 
u*E~andIIu*I)=lim,,,IIu,ll.Thusu*=~’Oandu,-+u*as&jO. 
If _u E Y, we introduce the bounded solution cp of do/dt + -4~ + rp 3f+ _u. 
Then v, E X, and in (6) we may select u = (p, g=f+ _u - o. Thus, 
Since _u, p are in space Y, this implies rp = _u a.e. on R. Finally the case when 
f is T-periodic is obvious: then u, converges uniformly to _u on R and ]]g]] is 
equal to the mean energy. 
Remark 2. Let g(a) = lim,,, ~?~(a). 
Theorem 1 means that the “series” 
x a(a) e-‘“I 
UER 
is a generalized solution for (l), in the sense that (6) holds. But in general we 
do not know of any local property of _u. Thus the only kind of information 
that we will be able to deduce from Theorem 1 concerning the asymptotic 
behavior of solutions of (1) will be somehow imprecise, of ergodic nature. 
The derivation of such results is the object of Section 2. In Section 3, we 
apply the result of Section 2 to a dissipative equation of hyperbolic type. 
2. ERGODIC PROPERTIES OF THE SOLUTIONS OF (1) 
Let us start with a simple and general result. 
THEOREM 3. Let f E Y be nonresonant. Then, for any solution w of (1) 
on FA+, we have 
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Proof: The result is an easy consequence of Theorem 1 and the following 
simple lemma. 
LEMMA 4. Let w(t) be a solution of (1) on R +, and r, > 0, lim”,, r, = 
+a~, a sequence such that 
) w(r,)l boundedfir n > 0, ~j*.lw(e)l’de<B* < +co. 
n 0 
Then, for every E > 0, 
II u,ll G B (9) 
ProoJ By substracting (1) from (O,), taking inner product with u, - W, 
after integrating over [0, t,], we obtain 
$;“(u,-w,u,)d+ I 4~“) - W(~,)12 c 0 n 
since u, is bounded on iR for fixed E > 0. Then, using the Cauchy-Schwarz 
inequality, we find 
Thus (9) is proved. 
COROLLARY 5. Let f E Y be nonresonant, and assume 
mes{t E R,f(t) GA(O)} > 0. (10) 
Then there exists p > 0 such that, for any solution u(t) of (1) on R +, 
lfm+itf f I,’ ] u(e)12 dB 2 p. -t 
Proof: If 3 = 0, then by Theorem 1, 0 is a weak solution of (1). As a 
consequence of [8, Proposition 3.2, p. 111-151, it must be a strong solution, 
and this contradicts (10). I 
Other types of ergodic results can be obtained if we make additional 
assumptions on A. For example, let us assume that there exists a continuous 
linear operator P: H+ H, a real p > 2, and a > 0 such that 
w, v) E D(A) x D(A), 
(Au-A&U-v)>aIPu-PVJP. (11) 
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THEOREM 6. Under the above assumptions, for every u solution of (1) on 
R +, we have 
lim P L ,f’ u(B) eiAe d0 = PC(A), VA E R. 
t-02 to 
Proof: From (1 l), like in the proof of Theorem 1, we deduce the ine- 
As a consequence, for any 1 E R, we have 
T- lim 
t-too 
(PU, - Pu) eiAe d6’ 1 < (C.S)“~ ~‘gr 0. 
On the other hand, 
u,euedB-z?(A) =IUIE(IZ)-~(IZ)I~IIuE-~II. 
Combining the last two lines, 
This completes the proof of Theorem 6. 
Remark 7. The case P = Z is not interesting here because then (1) has a 
classical almost periodic solution and all trajectories are exponentially 
asymptotic to this solution in the norm of H when t --) +co. We shall give a 
more relevant application in Section 3. 
Now we consider the case when A = L + B with L a maximal monotone, 
linear operator and B a lipschitz continuous operator which is the gradient of 
a convex potential v, E C’(Z-Z, I?). In the following statement and proof, we 
still denote by L the complex extension of L to Z?. 
THEOREM 8. Under the above assumptions, for every solution u of (1) on 
R ’ and A E IR, we have #(A) E D(L), and 
,‘A; (L - Ail) f 1: u(e) eile d6 = (L - Ail) fi(A) 
for the weak topology in H. 
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Before starting the proof of Theorem 8, we state a lemma: 
LEMMA 9. Let g(t) E S’(lR’, H) and u(t) be a (weak) solution of 
+ + J%(t) = g(c), t>o 
such that u E Lm(lR+, H). 
Then, for every 1 E R, and any t > 0, we have 
h(t) = f ji u(e) eine d0 E D(L). 
Moreover, Lb(t) E L”(1, +m;H), with a norm depending onZy upon 1~1, 
and I &. 
Proof. The first part of the assertion is essentially well-known (cf. [ 161, 
for example). Then simple computations lead to the estimate 
Proof of Theorem 8. First we apply Lemma 9 to u(t) with g(t) =f(t) - 
Bu(t) (which is in S*(lR +, H)). Then we replace u by u, and B by B + &I: 
thus we obtain that Lu”,@) is bounded as E -+ 0 for d fixed, which implies 
$(A) E D(L). 
As a second step, we use the fact that since B = grad q, V(u, v) E H x H, 
IBu - Bvl* <K(Bu - Bv, u-v) with K= lip(B). Like in the proof of 
Theorem 6, we get 
fj’[Bu,-Bul*dB<C (c++). 
0 
From (12), we deduce easily 
(Bu,--Bu)~‘~~ / d0 < C&“* + t-l’*). 
On the other hand, we have with p,(t) = u(t) - u,(t), 
I * (Bu, - Bu) eine 0 
d8 = e’*\‘cp,(t) - (~~(0) + L /: ul,(e) eiAe d8 
- iA 
I 
’ p,(e) eiae de - E Jf eiAeu,(8) de 
0 0 
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as an easy consequence of the equations satisfied by u and u,. Combining 
the two lines above, we obtain 
(L - UZ) f ji p,,(e) eide dt? ) < C2(e1’* + C- ‘I*). (13) 
Let us denote by ( , ) the scalar product in & for the underlying real 
structure, and choose w E D(L*). We have 
(V-W (~j~uI(e)ei~Bde-u”~(~)),w)_rO, (14) 
((L - w(w) - G(A)), w) < c, 1124, - 2-q * (15) 
By adding (13), (14) and (15), we obtain 
7 ,t,m, (L - iAz> f i,’ u(e) eiAe de - (L - dz) g(A), W) 1 
< C*& I’* + c, 11 u, - ull . (16) 
Finally, by letting E + 0 in (16), we conclude 
(L - W f ji u(e) ei*’ d8 I-t+00 (L - JiZ) s(n). 
COROLLARY 10. In addition to the hypotheses of Theorem 8, we assume 
that (Z + L)-’ is compact. Then, for every 1 E IR, denoting by Q, the 
orthogonal projection onto [(L - Ail)-’ {O}]’ we have 
u(ep@ de = QAt&l) 1 
in ti strong for any u(t) solution of (1) on IR +. 
ProojI Set N(A) = (L - Ail)-’ (0). It is clear that L -Ail has a compact 
inverse on [ZV@)]‘. 
Remark 11. Let J be the Z-module generated by the exponents off(t). 
It is clear that for every L @J and E > 0, c,(A) = 0 (cf., for example, [ 11, 
Theorem 9-101). Thus for every A E E&M, @(A) = 0. 
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3. APPLICATIONS TO THE NON-LINEAR DISSIPATIVE 
WAVE EQUATION IN A BOUNDED DOMAIN 
Let Q be a bounded open subset of lRN, with regular boundary r= XI, 
and /I a maximal monotone graph in R x R. We consider the nonlinear 
evolution equation 
~-Au+/3 g 3f(t,x) ( ) on IF?+ Xa, 
u(t, x) = 0 on IF?+ Xr, (17) 
where f: R + --) L*(R) is S*-almost periodic with respect to t. By setting 
U = (u, au/at) = (u, v), Eq. (17) can be put in the general form 
$ + A U(1) 3 F(t) (18) 
in the space H = H@2) X L*(Q), with F(t) = (O,f(t, 9)) for t E R. The 
maximal monotone operator A is the closure in H of the sum L + B, where 
D(L) = H* n HA(R) x HA(R), 
L(u, ?I) = (4, -Au) for (u, 0) E D(L), 
D(B) = H&2) x {u E L*(0), p”u E L*(Q)}, 
B(u, v) = (0) x pu for (u, v) E D(B). 
We now describe the consequences of Theorems 4, 6 and 8 of Section 2 for 
this equation. 
PROPOSITION 12. Assume that there exists a solution U(t) of (18) in 
Lm([O, +a~[, H:(0) x L*(Q)), and that 
mes{t E R, mes{x E a,f(t, x) @/3(O)) > 0) > 0. 
Then for every solution u of (17), we have 
lim L f J 
I-+rn t 0 f) 
[\vu(e,x)/* + 1gp,x, I*] dut.a>p > o. 
PROPOSITION 13. Assume that F(t) is nonresonant and in addition 
3a > 0 so that 
V [w, h] E W./O, V Iv, sl E Wh 
(h-g)(w-v)>aIw-ulP, P> 2. (19) 
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Then there exists {a,(x)},,, so that for every solution of (17), and every 
A# 0: 
1 1 
t Oe I 
i%(f9, x) dt?=- aA in HA(Q) 
Proof. We set for U = (u, v) E H: QU = u E Hi(R), PU = v E L2(R). 
Then (11) is satisfied. Since v = &/at, we have 
- li f jr u(B) eiJO de. 
0 
Thus we can choose aA = Q&A, x), and the proof of Proposition 13 is 
achieved since (l/t) jb u(0) eine de remains bounded in HA(G). 
Remark 14. The nonresonance condition holds automatically if, in 
addition to (19), /? satisfies a growth restriction (cf. [ 13, 141 for details). 
Even if p = 2 and f E W’*‘(R, L2(G)), we do not know about the existence 
of almost periodic solutions when /I reaches the critical rate of growth (cf. 
171). 
PROPOSITION 15. Assume that F(t) is nonresonant and /I is lipschitzian. 
Let (w:}~>~ be the sequence of eigenvalues of -A with Dirichlet boundary 
conditions in R. Then 
(i) rfVkEiN, L2#w:, the function of (t, x): (l/t) Ii &%(0, x) de 
converges in Hi(R) strong, as t + +a~, to a limit a,(x) independent of the 
solution u. 
(ii) If 11= fw, and E, = {rp E HA(O), -ACJJ = C&O}, then (l/t) X 
i;ei’ePEkL[u(t?,x)] dB converges in Hi(O), as t+ +a~, to a limit 
independent of u. 
Proof An immediate consequence of Corollary 10, since (-v, -Au) = 
U(u, v) implies -Au = ,12u. 
Remark 16. The nonresonance condition holds automatically if, in 
addition to being lipschitzian, /I satisfies 
IPvI>aIvl-c~ VVE R 
with CI > 0 and C finite. If for example 0 E Int{P-r(O)}, we do not known 
whether (17) has almost periodic solutions in the classical sense. 
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